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Abstract
We explicitly construct the structure of Jacquet modules of parabol-
ically induced representations of even unitary groups and even general
unitary groups over a p-adic field F of characteristic different than
two. As an application, we obtain a classification of strongly positive
discrete series representations of those groups.
1 Introduction
The first purpose of this paper is to explicitly construct the Tadic´’s structure
formula for the even unitary groups and the even general unitary groups.
The Tadic´’s structure formula explores the Jacquet modules of parabolically
induced representations. In the case of general linear groups, the Jacquet
modules of parabolically induced representations are studied in [2, 17]. The
case of classical groups is of different nature due to difference of its Weyl
groups and its action on the Levi subgroups. In [14], Tadic´ explicitly describe
the structure of Jacquet modules in the cases of Sp2n, GSp2n, and SO2n+1,
later it is generalized to the cases of SO2n, metaplectic group, and GSpin
groups in [1,3–6]. Using of the Tadic´’s structure formula, one can determine
all Jacquet modules of certain classes of representations [9, 10].
The Tadic´’s structure formula also happens to be extremely useful for the
study of reducibility and composition series of certain induced representations
MSC2000: 20C11, 11F70
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which happen to be important for understanding of the unitary dual, such
as standard representations and generalized principal series.
As an application of Tadic´’s structure formula, the second purpose of this
paper is to obtain a classification of strongly positive representations of even
unitary groups and even general unitary groups. We note that the strongly
positive representations serve as basic building blocks in the classification of
discrete series of classical groups, including unitary ones, obtained in [11,12],
and in the classification of discrete series representatons of oddGSpin groups,
recently provided in [7].
This paper is organized as follows: In Section 2, we outline standard no-
tation. In Section 3, we obtain the Tadic´’s structure formula for even general
unitary groups, which describes the explicit structure of the Jacquet mod-
ules of the parabolically induced representations of general unitary groups.
In Section 4, we obtain a classification of strongly positive representations
of even general unitary groups. In the appendix, we also discuss the even
unitary group case.
First author has been supported by the National Research Foundation of
Korea (NRF) grant funded by the Korea government (MSIP)
(No. 2017R1C1B2010081).
Second author has been supported by Croatian Science Foundation under
the project 9364.
2 Notation and preliminaries
2.1 Notation
Let F be a non-Archimedean local field of characteristic different than two
and let E/F be a quadratic extension of fields of characteristic different than
two. Let Γ = Gal(E/F ) and we let x→ x¯ be its non-trivial element. Choose
an element β ∈ E such that E = F (β) and β¯ = −β. To define the unitary
groups, we set
Jn =
(
βIn
−βIn
)
.
We let Hn = GU(n, n) be the quasi-split general unitary group in 2n
variables defined with respect to E/F and Jn. Its F -points are
Hn(F ) = {g ∈ GL2n(E)|
tg¯Jng = λJn, λ ∈ E
×}
2
We fix λ throughout the paper.
Let s andMs be as in Remark 3.1. For a parabolic subgroup Ps =MsNs
of Hn, we denote the induced representation Ind
Hn
Ps
(ρ1 ⊗ · · · ⊗ ρk ⊗ τ) by
ρ1 × · · · × ρk ⋊ τ
where each ρi (resp. τ) is a representation of someGLni(E) (resp. Hn−n′(F )).
In particular, IndHn
Ps
is a functor from admissible representations of Ms(F )
to admissible representations of Hn(F ) that sends unitary representations
to unitary representations. We also denote the normalized Jacquet module
with respect to Ps by rs(τ). In particular, rs is a functor from admissible
representations of Hn(F ) to admissible representations of Ms(F ).
The Grothendieck group of the category of all admissible representations
of finite length of Hn(F ), i.e., a free abelian group over the set of all ir-
reducible representations of Hn(F ) (resp. GLn(E)) is denoted by RGU (n)
(resp. RGL(n)) and set RGU = ⊕
n≥0
RGU(n), RGL = ⊕
n≥0
RGL(n).
In the case of GL, we denote the induced representation IndGLn
P
′ (ρ1 ⊗
· · · ⊗ ρk) by
ρ1 × · · · × ρk
such that P′ = M′N′ is the standard parabolic subgroup of GLn where
M′ ∼= GLn1×GLn2×· · ·×GLnk and each ρi is a representation of GLni(E)
for i = 1, . . . , k. We also follow the notation in [2]. Let ρ be an irreducible
unitary cuspidal representation of some GLp(E). We define the segment,
∆ := [νaρ, νa+kρ] = {νaρ, νa+1ρ, . . . νa+kρ} where a ∈ R and k ∈ Z≥0. If
a > 0, we call the segment ∆ strongly positive.
3 The Tadic´’s structure formula: general uni-
tary groups
We fix the F -Borel subgroup B of upper triangular matrices in Hn. Then
B = TU, where T is a maximal torus of diagonal elements in Hn and let A0
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be the maximal F -split subtorus of T. Then,
T(F ) =




x1
. . .
xn
λx¯−11
. . .
λx¯−1n


|xi ∈ E
×, λ ∈ F×


and
A0(F ) =




x1
. . .
xn
λx−11
. . .
λx−1n


|xi, λ ∈ F
×


For simplicity, we let a(x1, · · · , xn;λ) be an element of the form diag(x1, · · · ,
xn, λx
−1
1 , · · · , λx
−1
n ) in A0(F ). Let Φ(Hn(F ),A0(F )) be the restricted roots
of Hn(F ) with respect to A0(F ) and let ∆ := {αi}
n
i=1 be the set of simple
roots, where αi = ei − ei+1, 1 ≤ i ≤ n− 1, αn = 2en − e0.
The Weyl group W (Hn(F )/A0(F )) is isomorphic to Sn ⋊ {±1}
n, where
Sn is the permutation group of n letters. More precisely, for (ij) ∈ Sn,
(ij) · a(x1, · · · , xn;λ) = a(x1, · · · , xi−1, xj, xi+1, · · · , xj−1, xi, xj+1, · · · , xn;λ)
and for ǫ = (ǫ1, · · · , ǫn) ∈ {±1}
n,
ǫi · a(x1, · · · , xn;λ) = a(x1, · · · , xi−1, λx
ǫi
i , xi+1, · · · , xn;λ).
Remark 3.1. Let s = (n1, n2, . . . , nk) be an ordered partition of some n
′
such that n′ ≤ n and let Θ = ∆\{αn1 , αn1+n2, · · · , αn1+···+nk}. Let As be the
subtorus of A0 that corresponds to Θ and let Ms be the centralizer of As.
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Then, its F -points is of the form
Ms(F ) =




g1
. . .
gk
g
λtg¯−11
. . .
λtg¯−1n


|gi ∈ GLni(E), g ∈ Hn−n′(F ), λ ∈ F
×


.
Therefore, Ms(F ) ∼= GLn1(E)×GLn2(E)× · · · ×GLnk(E)×Hn−n′(F )
and for simplicity, the element diag(g1, g2, · · · , gk, g, λ
tg¯−11 , λ
tg¯−12 , · · · , λ
tg¯−1k )
in Ms(F ) is denoted by (g1, g2, · · · , gk, g).
Then, for an element (g1, g2, · · · , gk, g) ∈Ms(F ), the Weyl groupW (Hn(F )/As(F ))
is a subgroup of Sk⋊{±1}
k. In particular, for (ij) ∈ W (Hn(F )/As(F )) ⊂ Sk,
(ij) · (g1, g2, · · · , gk, g) = (g1, · · · , gi−1, gj, gi+1, · · · , gj−1, gi, gj+1, · · · , gk, g),
and for ǫ = (ǫ1, · · · , ǫk) ∈ {±1}
k ⊂W (Hn(F )/As(F )) with ǫi = −1, ǫk =
1 for k 6= i,
ǫ · (g1, · · · , gi, · · · , gk, g) = (g1, · · · , λ
tg¯−1i , · · · , gk, g). (1)
Therefore, the Weyl group action on the maximal F -split torusA0(F ) and
Levi subgroup Ms(F ) of Hn is similar to that for general symplectic groups
(Note that the main difference is the Weyl group action on the Levi subgroup
(1)). In [14, Section 4], Tadic´ characterizes the representative element of the
set [W∆\α\W/W∆\β] and its explicit action on the simple roots for GSp2n.
We also get the same results, i.e., from Lemmas 4.1 through 4.8 of [14] in
the case of even general unitary groups, since those lemmas only depend on
the simple roots, Weyl group and its action on the simple roots and we also
know that simple roots for Hn is same as those for GSp2n.
We now explain the Tadic´’s structure formula for Hn and follow the no-
tation in [14] for simplicity. Let i1, i2 be integers which satisfy 1 ≤ i1, i2 ≤ n.
Take an integer d such that 0 ≤ d ≤ min{i1, i2}. Suppose that an integer k
satisfies max{0, (i1+ i2−n)− d} ≤ k ≤ min{i1, i2}− d. Let pn(d, k)i1,i2 ∈ Sn
be defined by
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pn(d, k)i1,i2(j) =


j for 1 ≤ j ≤ k;
j + i1 − k for k + 1 ≤ j ≤ i2 − d;
(i1 + i2 − d+ 1)− j for i2 − d+ 1 ≤ j ≤ i2;
j − i2 + k for i2 + 1 ≤ j ≤ i1 + i2 − d− k;
j for i1 + i2 − d− k + 1 ≤ j ≤ n.
Let qn(d, k)i1,i2 be (pn(d, k)i1,i2 , (1i2−d,−1d, 1n−i2)) where 1i = 1, . . . , 1
(1 appears i times). Let w = qn(d, k)i1,i2 . Then, for (g1, g2, g3, g4, h) ∈
GLk(E) × GLi2−d−k(E) × GLd(E) × GLi1−d−k(E) × Hn−i1−i2+d+k(F ), we
have w · (g1, g2, g3, g4, h) = (g1, g4, λ
tg¯−13 , g2, h).
Let πi be an irreducible smooth representation ofGLni(E) for i = 1, 2, 3, 4
and let σ be an irreducible smooth representation of Hm. We have,
w−1 · (π1 ⊗ π2 ⊗ π3 ⊗ π4 ⊗ σ) = π1 ⊗ π4 ⊗ πˇ3 ⊗ π2 ⊗ ωπ3σ. (2)
where πˇ(g) := π(tg¯−1).
Set
(π1 ⊗ π2 ⊗ π3)⋊˜(π4 ⊗ σ) = πˇ1 × π2 × π4 ⊗ π3 ⋊ ωπ1σ. (3)
Applying (2) and (3), we get
Theorem 3.2 (Tadic´’s structure formula for general unitary groups.). For
π ∈ RGL(i) and σ ∈ RGU(n− i), the following structure formula holds
µ∗(π ⋊ σ) = M∗(π)⋊˜µ∗(σ).
Lemma 3.3. Let ρ be an irreducible cuspidal representation of GLk(E) and
a, b ∈ R be such that b − a ∈ Z≥0. Let σ be an admissible representation of
finite length of Hn(F ). Write µ
∗(σ) =
∑
π′,σ′
π′⊗σ′. Then M∗(δ([νaρ, νbρ])) =
b∑
i=a−1
b∑
j=i
δ([νaρ, νiρ])⊗ δ([νj+1ρ, νbρ])⊗ δ([νi+1ρ, νjρ]) and µ∗(δ([νaρ, νbρ])⋊
σ) =
b∑
i=a−1
b∑
j=i
∑
π′,σ′
δ([ν−i tρ¯−1, ν−a tρ¯−1])×δ([νj+1ρ, νbρ])×π′⊗δ([νi+1ρ, νjρ])⋊
ωσ′. We omit δ([νxρ, νyρ]) if x > y.
We recall the definition of the strongly positive representations of GSpin
groups.
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Definition 3.4. An irreducible representation σ of Hn(F ) is called strongly
positive if for every embedding
σ →֒ νs1ρ1 × ν
s2ρ2 × · · · × ν
skρk ⋊ σcusp
where ρi, i = 1, 2, . . . , k are irreducible unitary cuspidal representations of
GL, σcusp is an irreducible cuspidal representation of Hn′(F ) and si ∈ R, i =
1, 2, . . . , k, then we have si > 0 for each i.
The following lemma is also useful when we explicitly calculate Jacquet
modules:
Lemma 3.5. Let ρ be a cuspidal representation of GLk(E) and let σcusp be
a cuspidal representation of Hn(F ). Write ρ = ν
e(ρ)ρu, where e(ρ) ∈ R and
ρu is a unitary cuspidal representation. If ρ ⋊ σcusp has a strongly positive
discrete series subrepresentation, then we have
(i) ρ˜u ∼= ρ¯u, i.e., ρu is conjugate self-dual.
(ii) ωρσcusp ∼= σcusp.
Proof. Let σ be a strongly positive subrepresentation of νe(ρ)ρu⋊σcusp. Then,
e(ρ) > 0 since σ is strongly positive. If (i) or (ii) does not hold, then due to
Lemma 2.1 in [16], ναρu⋊ σcusp is irreducible for every α. Then we have the
following embedding:
σ →֒ νe(ρ)ρu ⋊ σcusp ∼= ν
−e(ρ) ˜¯ρu ⋊ σcusp.
Since −e(ρ) < 0, this contradicts the strong positivity of σ.
4 Classification of strongly positive represen-
tation of even general unitary groups
In this section, we classify the strongly positive representation of even general
unitary groups. We mostly follow the arguments in [8] and appendix to [5]
and generalize those to our case.
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4.1 Construction of the map
In this section, we construct the map from the set of strongly positive rep-
resentations into certain induced representations. We consider the induced
representations of the following form
δ(∆1)× δ(∆2)× · · · × δ(∆k)⋊ σcusp (4)
where ∆1,∆2, . . . ,∆k is a sequence of strongly positive segments (See No-
tation 2.1 for the definition of strongly positive segments) satisfying 0 <
e(∆1) ≤ e(∆2) ≤ · · · ≤ e(∆k) (we allow k = 0 here), σcusp an irreducible
cuspidal representation of Hm(F ).
Then, we show that
Theorem 4.1.
(i) The induced representation δ(∆1)× δ(∆2)× · · · × δ(∆k)⋊ σcusp of the
form (4) has a unique irreducible subrepresentation which we denote by
δ(∆1, . . . ,∆k; σcusp).
(ii) The strongly positive representation can be embedded into induced rep-
resentation of the form (4)
Proof. (i) and (ii) are GU analogue of Theorem 3.3 and Theorem 3.4 in [8],
respectively. Since the idea of their proofs depends on the behavior of GL
parts of Jacquet modules, we apply those in [8] to the case of even general
unitary groups and we do not repeat here.
4.2 Classification of strongly positive representations:
D(ρ; σcusp)
Let ρ be a conjugate self-dual irreducible cuspidal representation ofGLnρ(E)
and σcusp be an irreducible cuspidal representation ofHm(F ). Let D(ρ; σcusp)
be the set of strongly positive representations whose cuspidal supports are
the representation σcusp and twists of the representation ρ by positive valued
characters. Let a ≥ 0 be the unique non-negative real number such that
νaρ⋊σcusp reduces [13]. Furthermore, we assume that this reducibility point
a is in 1
2
Z (see (HI) of [12], page 771). Let kρ denote ⌈a⌉, the smallest integer
which is not smaller than a. In this section, we obtain the classification of
strongly positive representations in D(ρ; σcusp).
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In a previous section, Theorem 4.1 implies that every strongly positive
representation can be viewed as the unique irreducible subrepresentation of
induced representation of the form (4). Therefore, there exists an mapping
from the set of strongly positive representations of Hn(F ) into the set of
induced representations of the form (4).
Now we further refine the image of this mapping when we restrict the
mapping to D(ρ; σcusp).
Theorem 4.2. Let σsp be an irreducible strongly positive representation in
D(ρ; σcusp) and consider it as the unique irreducible subrepresentation of in-
duced representation of the form (4). Write ∆i = [ν
aiρ, νbiρ]. Then,
ai = a− k + i, b1 < . . . < bk and k ≤ ⌈a⌉.
Proof. We only consider the Theorem when a > 0. We use induction as in
[8]. The cases k = 0 and k = 1 are exactly as in [8] and we skip the proof.
We now consider the case when k = 2. Now we have
σsp →֒ δ([ν
a1ρ, νb1ρ])× δ([νa2ρ, νb2ρ])⋊ σcusp
As in the case k = 1, we easily show that a2 = a. Since σsp is the unique
irreducible subrepresentation of δ([νa1ρ, νb1ρ])× δ([νaρ, νb2ρ])⋊σcusp we also
have σsp →֒ δ([ν
a1ρ, νb1ρ])⋊δ([νaρ, νb2ρ]; σcusp). This embedding gives us the
following embedding
σsp →֒ δ([ν
a1+1ρ, νb1ρ])× νa1ρ⋊ δ([νaρ, νb2ρ]; σcusp)
If νa1ρ ⋊ δ([νaρ, νb2ρ]; σcusp) is irreducible, we have the embedding σsp →֒
δ([νa1+1ρ, νb1ρ])× ν−a1ρ⋊ δ([νaρ, νb2ρ]; σcusp) and this contradicts the strong
positivity of σsp. Therefore, ν
a1ρ⋊ δ([νaρ, νb2ρ]; σcusp) is reducible.
GU analogue of Proposition 4.3 [5] implies that a1 ∈ {a − 1, a, b2 + 1}.
Let us first consider the case when a1 = a > 1/2. Similarly as in Proposition
3.1 in [14], we use the following calculation of Jacquet modules:
rGL(ν
aρ⋊ δ([νaρ, νb2ρ]; σcusp)) = ν
−a˜¯ρ× δ([νaρ, νb2ρ])⊗ σcusp
+ νaρ× δ([νaρ, νb2ρ])⊗ σcusp (5)
µ∗(νaρ⋊ δ([νaρ, νb2ρ]; σcusp)) ≥ δ([ν
a+1ρ, νb2ρ])⊗ νaρ⋊ δ(νaρ, σcusp) (6)
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Due to GU analogue of Lemma 4.1 in [5], νaρ ⋊ δ(νaρ, σcusp) is irreducible.
Therefore, the irreducible subquotient of νaρ⋊ δ([νaρ, νb2ρ]; σcusp) that con-
tains right hand side of (6) in its Jacquet modules must also contain both
terms in (5). This implies that νaρ⋊ δ([νaρ, νb2ρ]; σcusp) is irreducible, which
is a contradiction. Now we consider a1 = a = 1/2. In this case, GU analogue
of Appendix of [5] (or Lemma 5.7 of [5]) implies that irreducible subrepre-
sentation of δ([ν1/2ρ, νb1ρ])× δ([ν1/2ρ, νb2ρ])⋊ σcusp) is not strongly positive,
which is a contradiction. Similarly as in [8], we have a contradiction in the
case a1 = b2 + 1. The remaining case is when a1 = a − 1, which is possible
only if a > 1. In that case, we also have b1 < b2. Completing argument of
induction on k is also exactly as in [8] and we skip the proof.
We also show that the mapping from D(ρ; σcusp) to the set of induced
representations of the form (4) is well defined in the following theorem:
Theorem 4.3. Let σsp be an irreducible strongly positive representation in
D(ρ; σcusp). Then, there exist a unique set of strongly positive segments
∆1,∆2, . . . ,∆k, with 0 < e(∆1) < e(∆2) < · · · < e(∆k), and a unique irre-
ducible cuspidal representation σ′ ∈ R such that σsp ≃ δ(∆1,∆2, . . . ,∆k; σ
′).
Proof. The proof is similar to [8] and we, therefore, omit the proof in this
case since we constructed all the tools that we need in Section 3.
In Theorem 4.2 and Theorem 4.3, we construct an injective mapping
from D(ρ; σcusp) into the set of induced representations of the form (4) with
refinement on the unitary exponents as in Theorem 4.2. More precisely, let
Jord(ρ,a) stand for the set of all increasing sequences b1, b2, . . . , bkρ , where
bi ∈ R, bi − a + kρ − i ∈ Z≥0 for i = 1, . . . , kρ and −1 < b1 < b2 < · · · < bkρ .
So far, we construct the following injective mapping:
D(ρ; σcusp) →֒ Jord(ρ,a)
Now, it remains to show that this map is surjective. Let b1, b2, . . . , bkρ denote
an increasing sequence appearing in Jord(ρ,a). We showed in Section 4.1 that
the induced representation
δ([νa−kρ+1ρ, νb1ρ])× δ([νa−kρ+2ρ, νb2ρ])× · · · × δ([νaρ, νbkρρ])⋊ σcusp (7)
has a unique irreducible subrepresentation, which we denote by σ(b1,...,bkρ ;a).
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We apply the induction argument in [8] to show that the above subrep-
resentation is strongly positive and we do not repeat the argument here.
Theorem 4.4. The representation σ(b1,...,bkρ ;a) is strongly positive.
4.3 Classification of strongly positive representations
Let ρi be a conjugate self-dual irreducible cuspidal representation ofGLnρi (E)
for i = 1, . . . , k and σcusp is an irreducible cuspidal representation of Hm(F ).
Let D(ρ1, ρ2, . . . , ρk; σcusp) be the set of strongly positive representations
whose cuspidal supports are the representation σcusp and the twists of the
representations ρi by positive valued characters for i = 1, . . . , k. Let aρi ≥ 0
be the unique non-negative real number such that νaρiρi ⋊ σcusp reduces for
each i = 1, . . . , k [13]. Furthermore, we assume that this reducibility point
aρi is in
1
2
Z (see (HI) of [12], page 771).
With Theorem 4.1, we use induction to prove the following two theorems
as in [8]:
Theorem 4.5. Let σsp be a strongly positive representation in D(ρ1, ρ2, . . . , ρk;
σcusp). Then σsp can be considered the unique irreducible subrepresentation
of the following induced representation:
(
k∏
i=1
ki∏
j=1
δ([νaρi−ki+jρi, ν
b
(i)
j ρi]))⋊ σcusp, (8)
where ki ∈ Z≥0, ki ≤ ⌈aρi⌉, b
(i)
j > 0 such that b
(i)
j −aρi ∈ Z≥0, for i = 1, . . . , k
j = 1, . . . , ki. Also, b
(i)
j < b
(i)
j+1 for 1 ≤ j ≤ ki − 1.
Theorem 4.5 implies that we construct the mapping fromD(ρ1, ρ2, . . . , ρk;
σcusp) to the set of induced representations of the form (4). We now show
that this mapping is well defined and injective.
Theorem 4.6. Suppose that the representation σsp ∈ D(ρ1, ρ2, . . . , ρk; σcusp)
can be embedded as the unique irreducible subrepresentations of both repre-
sentations (
k∏
i=1
ki∏
j=1
δ([νaρi−ki+j ρi, ν
b
(i)
j ρi]))⋊ σcusp and (
k′∏
i=1
k′i∏
j=1
δ([ν
aρ′
i
−k′i+jρ′i,
νc
(i)
j ρ′i]))⋊ σ
′
cusp as in Theorem 4.5. Then we have k = k
′, σcusp ∼= σ
′
cusp and
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{ki∏
j=1
δ([νaρi−ki+jρi, ν
b
(i)
j ρi])| i = 1, . . . , k} is a permutation of {
k′i∏
j=1
δ([ν
aρ′
i
−k′i+jρ′i,
νc
(i)
j ρ′i])|i = 1, . . . , k}.
Proof. Since σsp ∈ D(ρ1, ρ2, . . . , ρk; σcusp), σ
′
cusp
∼= σcusp and {ρ
′
i|i = 1, . . . , k
′} ⊂
{ρi|i = 1, . . . , k}. Then, comparing the Jacquet modules, we easily see
that k = k′ and {
ki∏
j=1
δ([νaρi−ki+jρi, ν
b
(i)
j ρi])|i = 1, . . . , k} is a permutation
of {
k′i∏
j=1
δ([ν
aρ′
i
−k′i+jρ′i, ν
c
(i)
j ρ′i])|i = 1, . . . k}.
Now we extend the above mapping to the set of all strongly positive
representations of H(F ). We first show the uniqueness of partial cuspidal
support of strongly positive representation.
Proposition 4.7. Let σsp denote a strongly positive representation ofHn(F ).
Then there is a unique, up to isomorphism, cuspidal representation σcusp of
Hm(F ) such that σsp is a subrepresentation of π ⋊ σcusp, for an irreducible
representation π of GLn−m(E).
Proof. Suppose that there are non-isomorphic irreducible cuspidal represen-
tations σ1 of Hm1(F ) and σ2 of Hm2(F ), such that σsp →֒ π1 ⋊ σ1 and
σsp →֒ π2 ⋊ σ2 for appropriate irreducible representations π1 and π2.
Thus, there are cuspidal representations ρ1, ρ2, . . . , ρk of general linear
groups such that
σsp →֒ ν
x1ρ1 × ν
x2ρ2 × · · · × ν
xkρk ⋊ σ1.
Strong positivity of σsp implies xi > 0 for all i.
Also, Frobenius reciprocity implies µ∗(σsp) ≥ π2 ⊗ σ2, which implies that
µ∗(νx1ρ1 × ν
x2ρ2 × · · · × ν
xkρk ⋊ σ1) ≥ π2 ⊗ σ2.
Repeated application of Lemma 3.3 implies that π2 is an irreducible subquo-
tient of ρ′1 × ρ
′
2 × · · · × ρ
′
k, where ρ
′
i ∈ {ν
xiρi, ν
−xi tρi
−1}, for i = 1, 2, . . . , k.
Since σ1 is not isomorphic to σ2, using Lemma 4.2 with obtain that there is
an i ∈ {1, 2, . . . , k} such that ρ′i
∼= ν−xi tρi
−1. Since xi > 0, this contradicts
strong positivity of σsp and the proposition is proved.
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Furthermore, by comparing Jacquet modules as in the proof of Theorem
4.6, we also show the uniqueness of GL cuspidal supports of strongly positive
representation. Therefore, for any strongly positive representation σsp of
H(F ), there exists unique set of ρ1, ρ2, . . . , ρk and σcusp such that σsp can be
considered to be the element in D(ρ1, ρ2, . . . , ρk; σcusp).
Let SP be the set of all strongly positive representations of H(F ). To
see this mapping explicitly, let us collect the data from the induced repre-
sentations of the form (8). Let LJ be the set of (Jord, σ′) where Jord =
k⋃
i=1
ki⋃
j=1
{(ρi, b
(i)
j )} and σ
′ be an irreducible cuspidal representation in R such
that
(i) {ρ1, ρ2, . . . , ρk} is a (possibly empty) set of mutually non-isomorphic
irreducible conjugate self-dual cuspidal unitary representations of GL
such that νa
′
ρiρi ⋊ σ
′ reduces for a′ρi > 0 (this defines a
′
ρi
),
(ii) ki = ⌈a
′
ρi
⌉,
(iii) for each i = 1, 2, . . . , k, b
(i)
1 , b
(i)
2 , . . . , b
(i)
ki
is a sequence of real numbers
such that a′ρi− b
(i)
j ∈ Z, for j = 1, 2, . . . , ki, and −1 < b
(i)
1 < b
(i)
2 < · · · <
b
(i)
ki
.
Now, the last step is to show that this mapping is surjective onto LJ .
Following [8], we have
Theorem 4.8. The maps described above give a bijective correspondence
between the sets SP and LJ.
5 Appendix: Even unitary case
We were unable to find an appropriate reference for the structural formula
for unitary groups other than [12], where the authors, in Section 15, wrote
an appropriate modification needed. Here, we shortly derive it for the pur-
pose of obtaining a classification of strongly positive representation of even
unitary groups following the same approach as in the previous sections. We
emphasize that the classification of strongly positive representation of even
unitary groups is also established in Sections 7 and 15 of [12], using a different
approach.
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5.1 Notation for even unitary groups
We let Gn = U(n, n) be the quasi-split unitary group in 2n variables de-
fined with respect to E/F and Jn and let RU(n) be the Grothendieck group
of the category of all admissible representations of finite length of Gn(F )
and set RU = ⊕
n≥0
RU(n). As in the even general unitary groups. Let also
B = TU,A0,T for Gn be defined as in Section 3.
Then,
T(F ) =




x1
. . .
xn
x¯−11
. . .
x¯−1n


|xi ∈ E
×


and
A0(F ) =




x1
. . .
xn
x−11
. . .
x−1n


|xi ∈ F
×


The F -points of Levi subgroups inGn that corresponds to s = (n1, n2, . . .,
nk) is of the form
Ms(F ) =




g1
. . .
gk
g
tg¯−11
. . .
tg¯−1n


|gi ∈ GLni(E), g ∈ Gn−n′(F )


.
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5.2 Tadic´’s structure formula for unitary groups
Note that the Weyl group for unitary groups is isomorphic to general uni-
tary groups. Therefore, we use the same notation for qn(d, k)i1,i2 (= ω) as
in the general unitary group case. Then, for (g1, g2, g3, g4, h) ∈ GLk(E) ×
GLi2−d−k(E) × GLd(E) × GLi1−d−k(E) × Gn−i1−i2+d+k(F ), we have w ·
(g1, g2, g3, g4, h) = (g1, g4,
tg¯−13 , g2, h).
Let πi be an irreducible smooth representation ofGLni(E) for i = 1, 2, 3, 4
and let σ be an irreducible smooth representation of Gm. By our previous
calculation,
w−1 · (π1 ⊗ π2 ⊗ π3 ⊗ π4 ⊗ σ) = π1 ⊗ π4 ⊗ πˇ3 ⊗ π2 ⊗ σ. (9)
Set
(π1 ⊗ π2 ⊗ π3)⋊˜
′
(π4 ⊗ σ) = πˇ1 × π2 × π4 ⊗ π3 ⋊ σ. (10)
We follow argument in Section 3 by replacing (3) by (10), we have
Theorem 5.1 (Tadic´’s structure formula for unitary groups.). For π ∈
RGL(i) and σ ∈ RU(n− i), the following structure formula holds
µ∗(π ⋊ σ) = M∗(π)⋊˜
′
µ∗(σ).
5.3 Strongly positive representation for even unitary
groups
With Tadic´’s structure formula for unitary groups (Section 5.2), we apply the
arguments as in Section 4 to obtain the analogous results for even unitary
groups. In this subsection, we only state the main result for even unitary
groups and skip the proof since we already go through the similar arguments
in Section 4.
Let SP ′ be the set of all strongly positive representations of G(F ) and
LJ ′ be the set of (Jord, σ′) where σ′ be an irreducible cuspidal representation
in RU and Jord be exactly as in the case of even general unitary groups.
Then, one can repeat the same arguments as before to obtain the bijective
correspondence between SP ′ and LJ ′.
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